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Abstract 

We study the semigroup of the symmetric a-stable process in 
bounded domains in R 2 . We obtain a variational formula for the 
spectral gap, i.e. the difference between two first eigenvalues of the 
generator of this semigroup. This variational formula allows us to 
obtain lower bound estimates of the spectral gap for convex planar 
domains which are symmetric with respect to both coordinate axes. 
For rectangles, using " midconcavity" of the first eigenfunction [5], we 
obtain sharp upper and lower bound estimates of the spectral gap. 



1 Introduction 

In recent years many results have been obtained in spectral theory of semi- 
groups of symmetric a-stable processes a G (0, 2) in bounded domains in 
R d , see [6], [25], [2], [18], [19], [14], [15], [5]. One of the most interesting 
problems in spectral theory of such semigroups is a spectral gap estimate 
i.e. the estimate of A2 — Ai the difference between two first eigenvalues of 
the generator of this semigroup. Such estimate is a natural generalisation 
of the same problem for the semigroup of Brownian motion killed on exiting 
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a bounded domain, which generator is Dirichlet Laplacian. In this classical 
case, for Brownian motion, spectral gap estimates have been widely studied 
see e.g [26], [28], [24], [27], [17], [7]. When a bounded domain is convex there 
have been obtained sharp lower-bound estimates of the spectral gap. 

In the case of the semigroup of symmetric a-stable processes a G (0, 2) 
very little is known about the spectral gap estimates. In one dimensional 
case when a domain is just an interval spectral gap estimates follow from 
results from [2] (a = 1) and [14] (a > 1). The only results for dimension 
greater than one have been obtained for the Cauchy process i.e. a = 1 [3], 
[4]. Such results have been obtained using the deep connection between the 
eigenvalue problem for the Cauchy process and a boundary value problem for 
the Laplacian in one dimension higher, known as the mixed Steklov problem. 

The aim of this paper is to generalise spectral gap estimates obtained for 
the Cauchy process (a = 1) for all a G (0, 2). Before we describe our results 
in more detail let us recall definitions and basic facts. 

Let X t be a symmetric a-stable process in R d , a G (0,2]. This is a 
process with independent and stationary increments and characteristic func- 
tion E°e^ Xt = e~*l£l a , f G R d , t > 0. We will use E x , P x to denote the 
expectation and probability of this process starting at x, respectively. By 
p(t,x,y) = p t (x — y) we will denote the transition density of this process. 
That is, 

P x (X t eB)= [ p(t,x,y)dy. 

J B 

When a = 2 the process X t is just the Brownian motion in R d running at 
twice the speed. That is, if a = 2 then 

1 -\x-y\ 2 

P(t,x,y) = ^ t y/2 e ~ J ^' t > 0, x,y E H d . (1.1) 

It is well known that for a G (0, 2) we have Pt(x) = t~ d l a pi{t~ l l a x), t > 0, 
x G R d and 

p t (x) = t- d/a Pl (t- 1/a x) < t- d/a Pl (0) = r d/a M dia , t > 0, x G R d , 
where 

It is also well known that 



where 

A, 7 = r((rf- 7 )/2)/(2^/ 2 |r( 7 /2)|). (1.4) 

Our main concern in this paper are the eigenvalues of the semigroup of 
the process X t killed upon leaving a domain. Let D C R d be a bounded 
connected domain and td = inf{t > : X t ^ .D} be the first exit time of D. 
By {P^}t>o w e denote the semigroup on L 2 (D) of X t killed upon exiting D. 
That is, 

P t D f(x) = E x (f(X t ), TD >t), x G D, t > 0, / G L 2 (D). 
The semigroup has transition densities po(t,x,y) satisfying 

P t D f(x)= [ p D (t,x,y)f(y)dy. 
Jd 

The kernel po(t,x,y) is strictly positive symmetric and 

Pn(t, x, y) < p(t, x, y) < M dya t~ d/a , x,y G D, t > 0. 

The fact that D is bounded implies that for any t > the operator P[* 
maps L 2 (D) into L°°(D). From the general theory of semigroups (see [16]) 
it follows that there exists an orthonormal basis of eigenfunctions {(fn}^^ 
for L 2 (D) and corresponding eigenvalues {A n }^ 1 satisfying 

< Ai < A 2 < A 3 < . . . 

with A„ — > oo as n — > oo. That is, the pair A„} satisfies 

^V^^e'^W, i>0. (1.5) 

The eigenfunctions </? n are continuous and bounded on D. In addition, Ai is 
simple and the corresponding eigenfunction ipi, often called the ground state 
eigenfunction, is strictly positive onD. By scaling we have for j3 > 

X n ((3D) = (3~ a X n (D). (1.6) 

For more general properties of the semigroups {P t D } t >o, see [21], [8], [12]. 

It is well known (see [1], [12], [13], [23]) that if D is a bounded connected 
Lipschitz domain and a = 2, or that if D is a bounded connected domain 
for < a < 2, then {P^}t>o is intrinsically ultracontractive. Intrinsic ultra- 
contractivity is a remarkable property with many consequences. It implies, 
in particular, that 

e Xlt p D (t,x,y) 
lim — = 1, 
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uniformly in both variables x,y G D. In addition, the rate of convergence is 
given by the spectral gap A 2 — Ai. That is, for any t > 1 we have 

e -(A 2 -Ai)t < sup 
x,y£D 

The proof of this for a = 2 may be found in [27]. The proof in our setting is 
exactly the same. 

Our first step in studying the spectral gap for a G (0, 2) is the following 
variational characterisation of A2 — Ai. 

By L 2 (D, (fl) we denote the L 2 space of functions with the inner product 

(/, 9)i?{D,<ft) = I D f(x)g(x)ipj(x) dx. 

Theorem 1.1. We have 

A 2 -A 1= JJ JJ<^^l ^ (x ) My)dxdy , (1.8) 

where 

T = {j eL 2 {D,ip\): [ f 2 (x) V l(x)dx=l, [ f(x)<p 2 1 (x)dx = 0} 

Jd Jd 

and Ad -a is given by (1-4)- Moreover the infimum is achieved for f = y^/Vi- 

The idea of the proof is based on considering a new semigroup {Tf} t >Q 
of the stable process conditioned to remain forever in D. The proof of The- 
orem 1.1 is in Section 2. 

In the classical case, for Brownian motion, when a dimension is greater 
than one, the simplest domain where the spectral gap can be explicitly calcu- 
lated is a rectangle. Let us recall that in this classical case {<Pn}™=i, {An}^^ 
are of course eigenfunctions and eigenvalues of Dirichlet Laplacian. There- 
fore, when (say) D = (—a, a) x (—6, b), a > b > then 

<fi(xi,X2) = (l/y/2ab) cos(7ra;i/(2a)) cos(7ra; 2 /(26)), 

(^2(^1,^2) = (1/V2a6) sin(27ra;i/(2a)) cos(7nr 2 / (26)), 

Ax = 7r 2 /(4a 2 ) + tt 2 /(46 2 ), A 2 = 47r 2 /(4a 2 ) + tt 2 /(46 2 ) and hence A 2 - X 1 = 
37r 2 /(4a 2 ). 

Although the a-stable process is generated by — (— A) Q//2 , the generator 
of the killed a-stable process on D is however not equal to — (— Ad) Q//2 for 
the Dirichlet Laplacian Ad on D. So, both tp n and A ra are not explicit 
even for an interval or a rectangle. However, when D is a rectangle, due 



'i Xlt p D (t,x,y) 
(pi(x)(p!(y) 



< C(D,a)e-( X2 - Xl)t . 



(1.7) 
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to simple geometric properties of this set it is shown ([5] Theorem 1.1) that 
the first eigenfunction (pi for any a G (0,2] is " midconcave" and unimodal 
according to the lines parallel to the sides. This property and Theorem 1.1 
enables us to obtain sharp upper and lower bound estimates of the spectral 
gap for all a G (0,2). The most complicated are lower bound estimates for 
a G (1,2) and a — 1. The main idea of the proof in these cases is contained 
in Lemmas 4.2 and 4.3. 

Below we present estimates of A 2 — Ai for rectangles. The proof of this 
theorem is in Section 4. Let us point out that these estimates are sharp 
i.e. the upper and lower bound estimates have the same dependence on the 
length of the sides of the rectangle. Nevertheless, the numerical constants 
which appear in this theorem are far from being optimal. 

Theorem 1.2. Let D = (—a, a) x (—b,b), where a>b. Then 

(a) We have 

2 b 



2-47 -A - Ai) < 10 6 ■{ 



1 - a a 1+a 

21 ° g ( 1 + &b 



1 1 

+ 



2 — a a — 1 / a 



L2-a 



for a < 1 , 
for a = 1, 
for a > 1 . 



(b) We have 



2A"i(A 2 - Ai) > < 



36 • 2 1 + 2a a 1+a 

!0- log (1 + £) i 



b_ 

2 

b 2 ~ a 

33 • 13 1+a / 2 • 10 4 ~a?~ 
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for a < 1, 
for a = 1, 
for a > 1 . 



Let us note that for a = 1 the following estimates have already been 
known X 2 — X± > Cb/a 2 , where C = 10~ 7 (Corollary 1.1, [4]). However, 
estimates from Theorem 1.2 are more precise because we get an extra term 
log(a/6 + 1), which gives a sharp dependence on the length of the sides of a 
rectangle. 

Remark 1.3. The inequality 

2A^_ a (X 2 - A x ) > 



36 • 2 a (a + by+ c 
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holds for all a G (0, 2). 

We have 2A^_ a = a~ 2 2 3 ^ a nT- 1 (a/2)T(l - a/2). In particular we get 
for example \ 2 - \i > 10 4 (a + b) 3/2 for a = 1/2, \ 2 - \i > 1&H a +b) 2 for a = 1, 
X 2-^i>w I ^ W fora = 3/2. 

Our next aim are lower bound estimates of the spectral gap for convex 
planar domains which are symmetric with respect to both coordinate axes. 

In the classical case, for the Brownian motion, there are known sharp 
estimates for all bounded convex domains D C R d . We have A2 — Ai > it 2 /d 2 D 
where do is the diameter of D see e.g. [24], [27]. Such results are obtained 
using the fact that the first eigenfunction is log-concave. For convex planar 
domains which are symmetric with respect to both coordinate axes even 
better estimates A2 — Ai > 3n 2 /d 2 D are known, see [17], [7] (such estimates 
are optimal, the lower bound is approached by this rectangles). These results 
follow from ratio inequalities for heat kernels. 

Unfortunately in the case of symmetric a-stable processes, a G (0,2), 
we do not know whether the first eigenfunction is log-concave. Instead we 
use some of the ideas from [4] where spectral gap estimates for the Cauchy 
process i.e. a = 1 were obtained. Namely, we use the fact that the first 
eigenfunction is unimodal according to the lines parallel to coordinate axes 
and that it satisfies the appropriate Harnack inequality. Then we use similar 
techniques as for rectangles. As before in this proof the crucial role have 
Lemmas 4.2 and 4.3. 

The properties of the first eigenfunction are obtained in Section 3 and the 
proof of lower bound estimates for the spectral gap is in Section 5. These 
estimates we present below in Theorem 1.4. Let us point out that these 
estimates are sharp only for a; > 1, where we know that they cannot be 
improved because of the results for rectangles. 

Theorem 1.4. Let D C R 2 be a bounded convex domain which is symmetric 
relative to both coordinate axes. Assume that [—a, a] x [—b,b], a > b is the 
smallest rectangle (with sides parallel to the coordinate axes) containing D. 
Then we have 

C h 2 ~ a 

2A£_J\* - Ai) > 



a? 



where 



C = C{a) = io-^-^- 2 - 1 (4 + 12r(2/a) , 9/ 1 2 • (1.9) 

v ' V a(2-a)(l -2- a ) 2 / a J v ; 

Let us note that for a — 1 such estimate has already been known with 
a better constant. In fact, Corollary 1.1 [4] gives A2 — Ai > Cb/a 2 , where 
C = 1(T 7 . 
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There are still many open problems concerning the spectral gap for semi- 
groups of symmetric stable processes a G (0, 2) in bounded domains D C R d . 
Perhaps the most interesting is the following. What is the best possible 
lower bound estimate for the spectral gap for arbitrary bounded convex do- 
main D C R d ? With this problem there are connected questions about the 
shape of the first eigenfunction ip 1 . For example, is ipi log-concave or at least 
unimodal when D is a convex bounded domain? There is also an unsolved 
problem concerning domains from Theorem 1.4. Can one obtain for a < 1 
lower bounds similar to these obtained for rectangles i.e. A2 — Ai > C a b/ a l+a 
for a < 1 and A 2 — Ai > C61og(l + a/b)/a 2 for a = 11 

2 Variational formula 

In this section we prove Theorem 1.1 - the variational formula for the spectral 
gap. 

At first we need the following simple properties of the kernel pn(t,x,y). 

Lemma 2.1. There exists a constant c = c(d,a) such that for any t > 0, 
x,y G D we have 



ct 

p D (t, x, y) < p(t, x, y) < j— — p^ . (2.1) 



For any x,y G D , x 7^ y we have 

lim = lim P<t> x >v) = A-q (22) 

t^o+ t t^o+ t \x-y\ d+a 

Proof. These properties of pD(t,x,y) are rather well known. We recall some 
of the standard arguments. 

The estimate p(t, x, y) < ct\x — y\~ d ~ a follows e.g. from the scaling prop- 
erty p(t,x,y) = t~ d / a pi((x — y)t~ l l a ) and the inequality pi(z) < c\z\~ d ~ a 
[29]. The equality on the right-hand side of (2.2) is well known (see (1.3)). 

We know that pr>(t, x, y) = p(t, x, y) — ro(t, x, y) where 

r D (t,x,y) = E x (t d < t;p(t-T D ,X(r D ),y)). 
By (2.1) we get for x, y G D, t > 

^r D (t,x,y) = jE x (t d <t;p(t-T D ,X(r D ),y)) 
< -A'" (r n ■ I: 



< 



t V ' \y ~ X(r D )\^ 
cP x {t d < t) 

(S D (y)) d+a ' 
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where 5r>(y) = inf { 1 2; — y\ : z G dD}. It follows that t 1 r D (t,x,y) — > when 
t^0+. □ 



Let 

e x ^p D (t,x,y) 



and 



p D (t, x, y) = ' ' , x,y e D, t>0 

<pi( x m(y) 

T t D f(x)= [ p D (t,x,y)f(y) V >j(y)dy, f e L 2 (D,rf), t > 0. 

{T t D } t >o is a semigroup in L 2 (D,ifl). This is the semigroup for the stable 
process conditioned to remain forever in D (see [27] where the same semi- 
group is defined for Brownian motion). 
Let 

£(fJ) = lf + - t (f-T t D f,f) LHD ^, 

for/€L 2 (A^). 

Lemma 2.2. For any f G L 2 (D, ipf) £(f, f) is well defined and we have 

W/) = ^ f f U } X J~J}^ )2 Mx)My)dxdy. (2.3) 



\x - y[ 



Proof. 

1 



= io + 7 1 ('<*> - / D ^^^^ *) ^ 

= Hm J ^ ^j^^) - e Alt a;, ^/(^^(y) ^ (2.4) 
xf(x)<fi(x) dx. 
Note that 

/(x)^(a;) = /(x)e Al 'P/Vi(z) = e Al * / p D (t, x, y)f(x)tp 1 (y) dy. 

J D 

Hence (2.4) is equal to 

lim - / e Xlt I p D (t,x,y)(f(x)ip 1 (y) - f(y)^ l (y))dyf(x)^ l (x)dx 
t^o+ t j D j D 



lime A lt / / x 'V\ f( x ) - /(x)/(y))y>i(x)yi(y) dydx. (2.5) 




D JD 



Note that we can interchange the role of x and y in (2.5). Therefore by 
standard arguments (2.5) is equal to 

u f f p D (tx,y) (f(x) _ j^f^^y) dxdy . (2 . 6) 



t^o+ 2 J D J D 

In view of (2.2) in order to prove (2.3) we need only to justify the interchange 
of the limit and the integral in (2.6). Let us denote 

£(/./)=/ f {J ^M^^)^y)dxdy. 
j d j d f ~~ y\ 

When Si(f, f) = oo then (2.3) follows from (2.6) by the Fatou lemma. Now 
let us consider the case £i(f, f) < oo. By (2.1) for any t > we have 

p D (t,x,y) 2 c(f(x) - f(y)f 

t (/(&) - /(y)) V?iOwU/) < — r- _ , d+Q yi(g)yi(y)- (2-7) 

The integral over D x D of the right-hand side of (2.7) is equal to c£i(f, f) < 
oo. Now (2.3) follows from (2.6) by the bounded convergence theorem. 

□ 

Proof of Theorem 1.1. Let / G T '. We have fip 1 G L 2 (D), | l/^il Il 2 (d) = 1 
and /</?i _L ipi in L 2 (D). Since {(/9„}^L 1 is an orthonormal basis in L 2 (D) we 
have 

oo 

where c n = f D f(x)ipi(x)ip n (x) dx and the equality holds in L 2 (D) sense. 
Hence 

oo 

in L 2 (D,(fl) sense. The condition | |/</?i 1 1 l 2 (d) = 1 gives J2^=i c n = 1- 
We will show that 

oo 

*(/,/) = £(A»-Ai)<$. ( 2 - 8 ) 

71=2 

We have 

¥>i Jd </?iOw(y) (^i(y) (^i(x) 
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Hence by Parseval formula 

oo 
n=2 

SO 

00 1 —(A — Xi)t 

f) = Hm (/ - T t D f, f) LHD ^ = Mm £ 4^-^ . (2.9) 

~~* n=2 

To show (2.8) we have to justify the change of the limit and the sum in 
(2.9). Note that (1 - e-( A "~ Al )')/t | A n - Ai when t | by convexity of 
the exponential function. Hence (2.8) follows from (2.9) by the monotone 
convergence theorem. 

By (2.8) we get 

00 00 

£(/, /) = E( A « - Ai ) c « * ( A2 - Ai ) E c « = A2 - Ai - 

n=2 n=2 

Now Lemma 2.2 shows that the infimum in (1.8) is bigger or equal to 
A 2 — Ai. When we put / = y?2/Vi (c 2 = 1, c n = for n > 3) we obtain 
£(if2/(fii, ip2/(fi) = A2 — Ai. This shows that the infimum in (1.8) is equal to 
A2 — Ai and is achieved for / = ^2/ □ 



3 Geometric and Analytic Properties of (fi 

At first we recall the result which is already proven in [4], Theorem 2.1. 
(Theorem 2.1 in [4] was formulated for a — 1 (the Cauchy process) but the 
proof works for all a G (0, 2].) 

Theorem 3.1. Let D C R 2 be a bounded convex domain which is symmetric 
relative to both coordinate axes. Then we have 

(i) ipi is continuous and strictly positive in D. 

(ii) tpi is symmetric in D with respect to both coordinate axes. That is, 
ipi(xi, -x 2 ) = (pi(x 1 ,x 2 ) and (pi(-x 1 ,x 2 ) = (pi(x 1 ,x 2 ). 

(Hi) ipi is unimodal in D with respect to both coordinate axes. That is, if 
we take any a 2 G (—1,1) and p(a 2 ) > such that (p(a 2 ),a 2 ) G dD, 
then the function v{x\) = (pi(xi,a 2 ) defined on (—p(a 2 ) , p(a 2 )) is non- 
decreasing on (— p(a 2 ),0) and non-increasing on (0,p(a 2 )). Similarly, 
if we take any a\ G (—L,L) and r(ai) > such that (ai,r(ai)) G dD, 
then the function u(x 2 ) = (fii(ai,x 2 ) defined on (— r(ai), r(ai)) is non- 
decreasing on (— r(ai),0) and non-increasing on (0,r(ai)). 
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Next, we prove the Harnack inequality for ip 1 . Such inequality is well 
known (see e.g. Theorem 6.1 in [10]). Our purpose here is to give a proof 
which will give an explicit constant. We adopt the method from [4]. 

At first we need to recall some standard facts concerning stable processes. 

By P r , x (z, y) we denote the Poisson kernel for the ball B(x, r) C R d , r > 
for the stable process. That is, 

P z (X(t bm ) E A) = / P r , x (z,y)dy, 

J A 

where z E B(x,r), A C B c (x,r). We have [9] 



P r , x (z,y) = C d a 



(r 2 




z — x\ 


2^a/2 


(\y-x\ 


2 _ 




y - A 


d 



(3.1) 



where C d = T(d/2)n- d / 2 - 1 sm(na/2), z E B{x,r) and y e int(B c (x,r)). 
It is well known ([20] cf. also [11] formula (2.10)) that 

E y (r B{0 ,r)) = C d a {A d ,- a y\r 2 - |y| 2 )"/ 2 , (3.2) 

where r > and Ad,- a is given by (1.4). 

When d > a by Gr>(x, y) = / °° po(t, x, y) dt we denote the Green function 
for the domain D C R d , x,y E D. We have Go(x,y) < oo for x ^ y. (For 
d < a the Green function may be defined by a different formula but we will 
not use it in this paper). 

It is well known (see [9]) that 

R d r w ( z >v) r a/2 ~ l dr 
G B (o,i)(z,y) = \ z _ y " d - a J o ( r + i)d/2 » Z 'V e B (°> x )' ( 3 - 3 ) 

where 

-^(^,2/) = (1 — |^| 2 )(1 — |2/| 2 )/|^ — 2/I 2 

and R d , a = r(rf/2)/(2-7r d / 2 (r(a/2)) 2 ). 

By X\(Bi) we denote the first eigenvalue for the unit ball -8(0, 1). Theo- 
rem 4 in [6] (cf. also [14]) gives the following estimate of Xi(Bi) 

X 1 (B 1 ) < (^(B,))^, (3.4) 

where Hi(Bi) ~ 5.784 is the first eigenvalue of the Dirichlet Laplacian for 
the unit ball. 

We will also need the following easy scaling property of <f±. 

Lemma 3.2. Let D C R rf be a bounded domain, s > and tpi jS the first 
eigenfunction on the set sD for the stable semigroup {Pf D }t>o- Then for 
any x E D we have ipi tS (sx) = s~ d l 2 Lpi t \(x). 
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Now we can formulate the Harnack inequality for ip 1 . 

Theorem 3.3. Let a G (0, 2), d > a and D C R rf be a bounded domain with 
inradius R > and < a < b < 1. If B(x,bR) C D then on B(x,aR) ipi 
satisfies the Harnack inequality with constant C\ = Ci(d,a,a,b). That is, 
for any zi,z 2 G B(x,aR) we have <fi(zi) < Ciipi(z 2 ) where 

(b + a) d - a l 2 b a t b d+a ' 2 C 2 \ 

1_ (b-a) d + a / 2 V +6+ (b-a) a / 2 (l -b a ) d / a ) 

and C 2 = C 2 (d,a) = a^^-^CtM^X^B,))^ / {{d - a)R d , a A d ,. a ) . 

Proof of Theorem 3.3. In view of Lemma 3.2 we may and do assume that 
R=l. 

Let B C D be any ball (B ^ D). For any x,y G B, t > we have 

oo 

p B (t, x,y) = J2 e- XniB)t Vn>B {x) VntB {y), (3.5) 

n=l 

where \ n (B) and <f n>B are the eigenvalues and eigenfunctions for the semi- 
group {P t B } t >o- 

We will use the fact that the first eigenfunction is g-harmonic in B ac- 
cording to the a-stable Schrodinger operator. 

Let ip±, Ai = Ai(-D) be the first eigenfunction and eigenvalue for the 
semigroup {P t D } t >o- Let A be the infinitesimal generator of this semigroup. 
For x G D we have 

A , Mx) = jyw») = '-""vw-ri'i = _ Al( ^ lW . 

This gives that (A + Ai(D))</?i = on D. It follows that tpi is g-harmonic 
on according to the a-stable Schrodinger operator A + q with q = Ai(-D). 
Formally this follows from Proposition 3.17, Theorem 5.5, Definition 5.1 from 
[10] and the fact that (B,Xi(D)) is gaugeable because B is a proper open 
subset of D and Ai(5) > Ai(L>). 

Let Vb(x, y) = f °° e Xl ^ D ^p B (t, x,y) dt. Here, V B is the g-Green function, 
for q = Xi(D), see page 58 in [10]. The g-harmonicity of ipi (Definition 5.1 in 
[10]), Theorem 4.10 in [10] (formula (4.15)) and formula (2.17) in [10] (page 
61) give that for z G B, 

Vl {z) = E z [e XliD) {r B ) Vl {X{r B ))} 

= A d ,- a I V B (z,y) I \y-w\~ d ~ a Vl (w)dwdy, (3.6) 
Jb Jd\b 
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where cai(d) (tb) — exp(Ai(D)re). Of course (3.6) is a standard fact in the 
theory of g-harmonic functions for the a-stable Schrodinger operators. For 
us this will be a key formula for proving the Harnack inequality for ipi. 

By the well known formula for the distribution of the harmonic measure 
[22] we have 

E z Vl (X(r B ))=A d ,- a [ G B (z,y) [ \y - w\- d ~ a Vl (w) dw dy. (3.7) 

Jb J d\b 

To obtain our Harnack inequality for tpi we will first compare (3.6) and 
(3.7) and then we will use the formula for E z {pi(X(r B )). In order to compare 
(3.6) and (3.7) we need to compare V B (z,y) and G B (z,y). This will be done 
in a sequence of lemmas. 

Lemma 3.4. Let D C H d , d > a be a bounded domain with inradius 1 and 
B C D be a ball with radius b < 1. Then for any z,y G B and t > we 
have t 

V B (z, y) < e x ^" I ° p B (t, z, y) dt + 

J 

where B 1 = B(0, 1) and C 3 = a(d - a)' 1 ^ - b a )- d / a M d:Ce . 
Proof. The inradius of D is 1 so \\(D) < X^Bx). It follows that 

rto roc 

V B (z,y)<e x ^ t0 p B (t,z,y)dt+ e x ^p B (t, z,y) dt. (3.8) 

JO Jt 

By (3.5) we obtain 

OO oo 

PB (t,Z,y) = J2e- Xn{B)t <Pn,B(z)<Pn,B(y) < jE^W^ 
n=l n=l 

It follows that the second integral in (3.8) is bounded above by 

-I />oo °° 

1 / £ ^mwme-^W-K^z) + ^ fl(y)) ^ (3.9) 

where (3 = X^B^/X^B) = b a (see 1.6). 

Note also that e MBi)-^ n {B) < e Ai(Bi)-/9Ai(B) = e o = L 

For any w G -B (w = z or w = y) we have 



/OO _ /"OO 
X;e- MJ,)(1 -%H*= / PB((l-(3)t,w,w)dt 
J n=0 ■'to 

roc rco Tyj s-i 

< \ p((l - /3)t, 0, 0) dt < / - Zt a , T, dt = - f f\ r . 

"7*0 ~7 t0 (i-/5) rf /^/« f(«*-«)/« 



□ 
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Lemma 3.5. Let < a < b < 1, B — B(w, b), w E R d . For any y E B and 

z E B(w, a) we have 

C,G B (z,y)>Ey(r B ), 
where C 4 = b d+a / 2 a2 3d / 2 -<*/ 2 - 1 C d /((b - a) a / 2 R d , a A d ,- a ) ■ 

Proof. We may and do assume that w — 0. Let us consider the formula for 
the Green function for a unit ball G B (o,i)(z,y) (3.3). Note that for any t > 

* r a l 2 ~ l dr > 1 f tA1 /2 _! {t a ' 2 A 1) 



/ (r + l) d / 2 - 2 d l 2 7 a2 rf / 2 -! ' 

Hence for any z, y E B(0, 1) 

Gb ( o,i) > ^-^-^Iz-yr-^l A {w{z,y)) a ' 2 ). 
By scaling it follows that for any z,y E B, 

G B (z,y) = b a ~ d G mi) (^ V -) 
R d , a a-'2' d / 2 ^ 



> 



hd-a \ z _ y\ d ~ a 
U \b b\ 

R d , a a^2- d l 2 ^ 
b a \z - y\ d ~ a 



1aA — f^v — — 



{b 2 - 


z 


2 


)«/2( 6 2 _ )?/ |2)a/2 




z-y\ a 



b * A r \,,„ ~ ' -(3.10) 



For z E 5(0, a) and y E B = B(0,b) we have \z - y\ < a + b < 2b and 
{b 2 - \z\ 2 ) a l 2 > {b 2 - a 2 ) a l 2 . Hence 

(b 2 - \z\ 2 ) a / 2 > ((6-a)(fe + a)) a / 2 > 1 / a\«/2 



|*-j/| a - ((a + 6) 2 )"/ 2 - 2«/ 2 V b, 
It follows that for z E -8(0, a) and y E 5(0, 6), (3.10) is bounded below by 

By the formula for E y (r B ) (3.2) this is equal to C^ 1 E y (r B ) . □ 

Lemma 3.6. Let D C R d , d > a be a bounded domain with inradius 1, 
< a < b < 1 and B = B(x, b) C D. Then for any z E B(x, a) and y E B we 
have G B (z,y) < V B (z, y) < C 5 G B (z,y), where C 5 = 1 + e + C 3 C 4 (X 1 (B 1 )) d / a . 
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Proof. The inequality G B (z,y) < Vb(z,u) is trivial, it follows from the defi- 
nition of G B (z,y) and V B (z, y). 

We will prove the inequality V B (z,y) < C$G B (z,y). By Lemma 4.8 in 
[10] we have 

V B (z,y)=G B (z,y) + \ 1 (D) [ V B (z,u)G B (u,y) du. (3.11) 

Jb 

By Lemma 3.4, f B Vb(z, u)Gb(u, y) du is bounded above by 

e Ai(B l)t0 f f° pB ^ z ^ u )dtG B {u,y)du+^- f G B (u,y)du. (3.12) 
Jb Jo r " Jb 

Let us denote the above sum by I + II. We have 

r rto rto poo r 

/ / p B (t,z,u)dtG B (u,y)du= / / p B (t, z,u)p B (s,u,y) duds dt 
Jb Jo Jo Jo Jb 

noo 
p B (t + s,z,y)dsdt < t G B (z, y) . 



It follows that I < t e Xl< - Bl)t °G B (z,y). 

By applying Lemma 3.5 for z G B(x, a) we get 

n = CzEHtb) < C 3 C 4 G B (z,y) 

Ad— a) /a — Ad— a) I a 
t r o 

Putting the estimates (3.11), (3.12) together with those for I and II gives 
V B (z,y) < G B (z,y) (l + X^B^e^ + ^//f ^ ) ■ (3-13) 

Putting t = 1/Ai(-Bi) we obtain 

V B (z, y) < G B (z, y)(l + e + C 3 C i {\ 1 {B l )) d l<*). 

□ 

We now return to the proof of Theorem 3.3. Let Z\,z 2 € B(x,a) C 
B(x,b) C D. By (3.6), (3.7) and Lemma 3.6 we obtain 

Vl {z 2 )>E^[ Vl {X{r B ^ b) ))} (3.14) 

and 

¥>i(*i) < C 5 ^ 2l bi(^(^,6)))]. (3.15) 
15 



So to compare <fi(z 2 ) and (pi(zi) we have to compare E Zl [<Pi(X(tb( x 6)))] and 
We have 

E Zi [ Vl {X{T B{x , b) ))\ = [ <p 1 (y)P b , x (z i: y)dy, (3.16) 

JD\B(x,b) 

for i = 1,2, where Pb, x {zi,y) is the Poisson kernel for the ball B(x,b) which 
is given by an explicit formula (3.1). We have reduce to comparing Pb, x (zi, y) 
and Pb, x (z 2 , y). Recall that z\,z 2 G B(x, a). For y G -B c (a;, 6) we have 

|y - z 2 \ b + a 
\y — Z\\ ~ b — a 

and 



(6 2 - 


Zl — x\ 


2^a/2 


(b 2 - : 


z 2 - X 


2) a/2 



~ (b 2 -a 2 ) a / 2 ' 



It follows that 

PbAzwy) (b + a) d - a / 2 b a 

p b ,M,y) ~ (b-af+«/ 2 ■ 

Using this, (3.16), (3.15) and (3.14) we obtain for zi,z 2 G B(x,a) 
<Pi(*i) < C,{b + a) d - a ' 2 b a (b - a)- A - a l 2 ^{z 2 ). 

□ 

In this paper we will need the Harnack inequality for (p\ in dimension d = 
2. For this reason we will formulate the following corollary of Theorem 3.3. 
In this corollary we choose b G (0, 1/2] and a = b/2. 

Corollary 3.7. Let a G (0, 2) and D C R 2 be a bounded domain with 
inradius R > and b G (0,1/2]. If B(x,bR) C D then on B(x,bR/2) if 2 
satisfies the Harnack inequality with constant ch = ch{ol). That is, for any 
Zi, z 2 G B(x,bR/2) we have (fil(zi) < Ch<Pi(z 2 ) where 

r o4-«g2«f 1 , 12r(2/g) \ 2 

H^e poini oni that ch does not depend on b G (0, 1/2]. 

Proof. We are going to obtain upper bound estimates for constants Ci, C 2 
from Theorem 3.3 for d = 2, a = b/2 and 6 G (0, 1/2]. 

Putting d = 2 we get C 2 a = ir~ 2 sin(7ra/2), R %a = 2~ a 7i~ 1 T- 2 (a/2), 
M %a = 2- 1 7r- 1 a- 1 r(2/a), A 2 - a = a 2 2 a - 2 7r- 1 T(a/2)T~\l - a/2). 
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Putting these constants to the formula for C 2 and using also the fact that 
r(a/2)r(l — a/2) = ix sin~ 1 (7ra/2) we obtain after easy calculations 

_ 2 3 -^ 2 T(2/a)(X 1 (B l )) 2 / a < 6 ■ 2 3 -^ 2 T(2/a) 
2 (2 — a) a ~ (2 — a) a 

The last inequality follows from (3.4) and the fact that Hi(B 1 ) < 6. 
Putting d — 2 and a = 6/2 we obtain 

d = 3 2 -/ 2 2« f 1 + e + .f /2 f ^ "| . 
Now using the estimate for C 2 and the inequality 6 < 1/2 we get 

c < 3 2- a /2 2 a / 4 + 12 ^ 2/a o } - ^ . (3.18) 

V a(2-a)(l -2~ a ) 2 / a J v ; 

In the assertion of Corollary 3.7 we have the Harnack inequality for (p\ so Ch 
is equal to the square of the right hand side of (3.18). □ 

4 Spectral gap for rectangles 

We begin from several lemmas, which will lead us to the estimation of the 
spectral gap for rectangles. 

Lemma 4.1. Let D = (—L,L) x (—1, 1), where L>1. Then 

3 

<fi(x) < —= for all x G D 

Vl 

and 

1 2 

(p 1 (x 1 ,x 2 ) > -^ji 1 ~ j\xi\){l-^\x 2 \) 
for all (x!,x 2 ) G [-L/2,L/2] x [-1/2,1/2]. 

Proof. The lemma easily follows from unimodality and symmetry of (pi (see 
Theorem 3.1), midconcavity of ipi (see Theorem 1.1 in [5]) and the equality 
Id <Pi dx = l. □ 

Lemma 4.2. Let /i^ > (k — 1, . . . , L), L > 2 be unimodal, i.e., there exists 
k such that /ij < fij for i < j < k Q and Hi > jij for k < i < j . Then for 
any G R such that J2k=i fk^k — we have 

L L-l 

^2^kfk < L 2 ^(Hk A fik+i)Uk ~ fk+if- 
k=i k=i 
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Proof. Let M = Ylk=\^k- By ^fe=iA*fe/fe = an d Schwarz inequality we 
obtain 

L 



3=1 k=l 
1 L 



2 

k=l 3=1 k=l j,k=l 



j,k=l 

(k-1 
5^(/t - /t+l) 

fc-1 

!<3<k<L t=j 

For t < k (where A; is defined in the lemma) we have 

L 

j<t<k k=l 

Similarly for t > k 

L 

j<t<k 3=1 

These two inequalities combined with (4.1) finish the proof. □ 

Lemma 4.3. Let (D,/i) be a finite measure space and D = [j k=1 D k , L > 1 

with pairwise disjoint D k 's. We assume that the sequence /i k = fi(D k ) > is 
unimodal. Then 

1 



Jd Jd 

L 




(/(*) - f(y)) 2 fi(dx)fi(dy) (4.2) 

^ 2 E-/ / (f(x)-f(y)) 2 pi(dxMdy) (4.3) 

k=1 V-k JD k JD k 

+^L 2 J2 , * [ [ (f(x)-f(y)) 2 Kdx)^dy) (4.4) 



/or a// / G L 2 (D,fi). 
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Proof. Let / G L 2 (D,fi). Without loss of generality we may assume that 
L > 2 and f D fdfi = 0. Then (4.2) is equal to 2 f D f 2 dfi. 

Let fk = A /d* We have 

E - / / (m-f(y)) 2 iM(dxMdy) = 2 [ fd^-2^ k f k . 
k=1 J Dk J Dk J D k=1 

Thus if J]fc=i A*fe/fc < \ J D f 2 dfi, then (4.2 - 4.4) holds. Consequently, from 
now on we may assume that 

X>/* 2 >^ / fdH- (4.5) 

k=l Jd 

Thus, by Lemma 4.2 we have 

« L-l 

2 / fd/2 < AL 2 V(/i fe A ^ fc+ i)(/ fc - / fc+ i) 2 . (4.6) 
fc =i 

On the other hand, 

(/(*) - f(y)) 2 ^(dx)i,(dy) 



fc+i 



/ / 



((f(x) - f k ) - (f(y) - A+i) + (/* - MY^dx^dy) 

> flkLlk+l(fk — fk+l) 2 - 

The lemma now follows from (4.6). □ 

Lemma 4.4. Let a G [1, 2), D = (— L, L) x (— 1, 1), L > 1 and </?i fre £/ie /irst 
eigenfunction for {P t D } t >o- Let —L + 1/4 < a < b < L — 1/4, b — a = 1/8 
and ptt£ A = [a, 6] x [—1/8,1/8]. TTien we nave 

max^(i)j (^J ^p\{x) dx^j <C R , (4.7) 

where Cr = 10 4 . 

Proof. We will use the fact that </?i is symmetric and unimodal with respect 
to both coordinate axes (see Theorem 3.1). We will also use much stronger 
fact that tpi is "midconcave" (see Theorem 1.1 in [5]). That is for any x 2 G 
(— 1, 1) x\ — > <fi(xi, Xq) is concave on (-L/2, L/2) and for any Xi G (—L,L) 
x 2 — > X2) is concave on (—1/2, 1/2). 
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By symmetry of ifi we may and do assume that b > 0. We will consider 
two cases: Case I, be [0,3/8), Case 2, b G [3/8, L). 

At first let us consider Case 1: b G [0, 3/8). Note that by the unimodality 
min-EgA y?i(x) is equal to (pi(b, 1/8) or </?i(a, 1/8). By concavity of X2 — > 
</?i(6, X2) on (—1/2,1/2) we obtain 

( p 1 (b, 1/8) > (3/4)^(6, 0) + (1/4)^(6, 1/2) > (3/4)^(6, 0). 

On the other hand x 1 — > (f\(xi, 0) is concave on (— L/2, L/2). We have L > 1 
so Xi — > v?i(xi,0) is concave on (—1/2, 1/2). It follows that 

<Pi(b,0) > Vi(3/8,0) > (l/4)^i(0,0) + (3/4)^(1/2,0) > (1/4)^(0,0). 

Hence (fi(b, 1/8) > (3/16)</?i(0, 0). Similarly one can show that y?i(a, 1/8) > 
(3/16)^(0,0). 

We also have max^go <pi(x) = (pi(0, 0) > max xgj 4^i(x). Finally 
f^\{x)dx>\A\^\{x) > 1 (A) ^(0,0) > ^max^(x). 

This gives (4.7) and finishes Case 1. 

Now let us consider Case 2: b £ [3/8, L). Note that max^^ </?i (x) = 
(fi(a, 0) and min^^ (fii(x) = <fi(b, 1/8). As before (fi(b, 1/8) > (3/4)ipi(b, 0). 
Hence 

jf^(*)<fa;>|A|(?) ^(6,0) = ^(6,0). (4.8) 

Now we have to estimate 0). 

Let Xq = (b, 0), r = v^/S and consider a ball £> = B(xQ,r). It is easy to 
note that B C D. By formula (3.6) and the fact that e,\i(-D) (tb) > 1 we have 

^iW>£? Ic bi(X(r B ))]. (4.9) 

Now let us introduce polar coordinates (p, ip) with centre at xo = (b,0). 
For any 2 = (-21,-22) G R 2 we have zi — 6 = pcos(^), z 2 = psm(ip). Let us 
consider the set Si = {(p,ip) : p <E (r, 2r), ip <E (Sir/ 4, 5ir/A)}. Note that Si is 
chosen so that Si C [b-2r, b-r/y/% x [-y/2r, \/2r] C [6-3/8, a] x [-1/4, 1/4]. 

By unimodality and " midconcavity" for any z G [b — 3/8, a] x [—1/4, 1/4] 
we have (fii(z) > <pi(a,0)/2. This and (4.9) gives 

<PiM > E x »[ Vi (X(t b )); X(t b ) e Si] > ( lfl (a,0)/2)P Xo (X(r B ) G Si). 

(4.10) 

We have 

P X0 (X(r B ) G Si) — [ P r , xo (x ,y)dy, 

J Si 

20 



where P r ,x Q ( x o, y) is the Poisson kernel for B given by (3.1). 

Let S 2 = {(p,tp) : p G (2r,oo), ip G (3tt/4, 5tt/4)}. Since P x °(X(t b ) G 
£? c ) = 1 and the distribution P x °(X(t b ) G •) is invariant under rotation 
around x it is easy to note that P Xq {X(t b ) G Si U S 2 ) — 1/4. Hence 

P*°PT(t b ) G 5i) = i - P^pTfo) G S 2 ) = 1 - jf P r ,, (*o, y) dy. (4.11) 



We have 



f /»57r/4 /»oo 

/ P r,x (xO: y)dy = C 2 a / 

./S2 >/37r/4 J2r \P r ) ' P 



p dp dip. (4.12) 



Note that p 2 - r 2 > (3/4)p 2 for p > 2r so (4.12) is smaller than 
3 



-a-l 



dp = 



/7ra\ 



777 sin i — i < =. 

The last inequality follows from the fact that in this lemma we assume that 
a G [1,2). 

Using this, (4.10) and (4.11) we obtain 

, , giM) (i l \ 
• Mx " ] ~ —T- U " WSJ ' 



This and (4.8) gives 

2 9 \2 V4 27TX/3 



2/ ¥>l(M) 

¥>i(M) > 1Q4 



= C^, 1 max 



□ 



Proof of Theorem 1.2 - part I. By scaling of eigenvalues (see (1.6)) it is suf- 
ficient to show the following inequalities for rectangles D = (— L, L) x (—1, 1), 
L > 1: 



2^2,-a(A 2 - Ax) < 10 6 • < 



1 - a L 1+a 
21og(L + l) 
L 2 



for a < 1, 



for a — 1, 



(4.13) 



1 



1 s 1 



I 2 — a a — 1L 2 



— for a > 1. 
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36 ■ 2 1+2a (L) 1+a 
-9 log(L + 1) 



10 



L 2 



1 



for a < 1, 

for a = 1, 
-^r for a > 1. 



(4.14) 



l> 33 • 13 1+a / 2 • 10 4 L 2 
Similarly, to prove Remark 1.3 it is sufficient to show 

1 



2^-«(A 2 " Ai) > 



36-2 Q (L + iy+ a 

Let us take f(x±,x 2 ) = X\ for x = (xi, x 2 ) G -D. Then by Lemma 4.1 

1 j-L/2 rl/2 
-L/2 J -1/2 



(4.15) 



/• j x-L/2 /-1/2 2 

ftfdx > — / (l--|x 1 |) 2 (l-2|x 2 |) 2 x?rfx 2 rfx 1 

7n J-L/2 .7-1/2 L 



1440 



On the other hand, for x G -D we have 



< 2tt 



Thus by Lemma 4.1 



/ \x-y\- a dy< [ \y\- a dy 

+ J J -yi\ 2 + \x 2 -y2\ 2 y a/2 lK\[-i,i](yi)dy 2 dy 1 

+4 / yr«d yi . 

2 - a J l 



A q rl-a/2 r-L 

W/)<^Z- 4L - (27r 2^ + 4 / yrdyi) ' 



Hence by Theorem 1.1 



A 2 -Ai < 



< 



J D Ptfdx 

A 2 ,- a 72-UA0, &- a l 2 



L 2 



"(vr— — + 2 1 y^dy,), 
2 - a J l 



therefore (4.13) is proven. 
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For / e L 2 (D, ipf) such that f D f<p{ dx = we have by Lemma 4.1 
/ frfdx = \\ [(f(x)-f(y)rtf(x)rf(y)dxdy 

JD 1 JD JD 

9diam(D) 2+ " f f (f(x) - f_(y)l 

< Yl JJ d ]x _ y]2+a rt*)<Pi(v)dxdy 

< 36- 2«(L + l) 1+ «-^- £(/,/), 

thus by Theorem 1.1 we obtain (4.15) and also (4.14) in the case when a < 1. 

Let D = UH D k be divided into [2L] pairwise disjoint rectangles D k of 
size |||t x 2, denote E k = D k U D k+1 . Let /i — (pi dx, by Theorem 3.1 we see 
that (D,n) satisfies the assumptions of Lemma 4.3. Thus for / e L 2 (D,(p1) 
such that f D fip\ dx = we have 

r [2L] 1 r r 

2 / frfdx<2j2 1 YT / / (f(*)-tty))Vi(x)<A(v)dxdy 

Jd k=1 J Dk <Pi a% JD k JD k 

[2LM 2 r r 

+ 4 t 2L ] 2 E f 21 I I (f(x)-f(y))V l (xWl(y)dxdy 

= h + h, 



[2L]-1 2 
fc=1 iE k ^ aX 



2 uiaiu^-C/fc y 
s fc " l x - 2/1 



Hence by Lemma 4.4 and diam(_E fe ) < Vl3 we obtain 
I 2 <QA-13 1+a / 2 C R L 2 -^S(fJ). 

Similarly, 

h <2-U 1+a / 2 C R -^—£{fJ) 

and (4.14) in the case when a > 1 follows. □ 

Proof of Theorem 1.2 - part II, the case a — 1. Let N = [L\. We divide D 
into 2N rectangles of equal size D_at+i, • • • , -Dat, where 

D fc = ((jfe - 1)L/7V, fcL/iV) x (-1, 1), fc = -TV + 1, . . . , N. 
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Let us note that Lemma 4.4 implies 



sup pi) ( f ^i) < cr 1 , 

x£D k J \jD k J 



where d = = 1(T 4 . 

We will also use the following easy inequality mf x< z Dk y< z Dk+1 \x— y\~ 3 > C 2 , 

where C 2 = (v 7 ^))" 3 - 

In the case a = 1 we will show that 

2^ 1 (A,-A 1 )> ClC ^ +1) . (4.16) 

This implies (4.14) in the remaining case when a — 1. 
Fix % e {1, . . . , N}. For any fc = 1, . . . , % let 

A\ = . . . U £> fe _ 2 , U D k _ % U D fc U -Dfc+i U D k+2i U . . . 

Since iV is not necessarily divisible by % the number of "parts" of A\ may 
not be equal for different k. To make the definition of A\ more precise we 
introduce some more notation. 

We have N = i[N/i] + r(i) for some r(i) £ {0, . . . ,i — 1}. Let q(i, k) = 
[N/i] for k = l,...,r(i),q(i,k) = [N/i] — l for k = r(i) + l, andp(i, k) = 
-[N/i] for k = — r(i), p(i, k) = -[N/i] - 1 for A; = i - r(i) + 1, . . . , i. 

For m = k), . . . , q(i, k) let -D^ m = D k+mi . Then we have 

q(i,k) 

A k = [J -Dfc, m - 
m=p(i,fc) 

Now we will apply Lemma 4.1 to the set A\ which is divided as above. 
We take \i{dx) = (pl(x) dx and / = y^/Vi- Let us denote \i\ m = f D i <fl- 

' k,m 

Of course we have ^ m V f4 >ro+1 > (/4, m /4,m+i) 1/2 and 




(/(x)-/(y))V(^(y)^dy = 2 / fVi 

So applying Lemma 4.1 to A\ and summing from k — 1 to k — % we 
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obtain 



2 EE;^/ / (tt*)-ttv)) 2 rt(*)rt(y)d*dy ( 4 - 18 ) 



fe=l m=p(i,k) ^ k > m ^ D l,m JD k,m 

i q(i,k)—l (_/.-, \ / • 7 \ i 1 \2 



fc=l m=p(i,fc) y^k,m^k,m+l) J D\ m J D^ m+1 

x(f(x) - f{y)) 2 wl{x)ip\{y)dxdy. 

Now we will consider 2 cases: 

Case 1. For any % G {1, . . . , [A 1//4 ]} we have 

Case 2. There exists i G {1, . . . , [A 1//4 ]} such that 



At first we consider Case 1. Let us denote expressions in (4.17), (4.18), 
(4.19) by L(i), R(i), S(i) respectively. 

We have J2l=i J "a* f 2{ P\ = In f 2( Pi = 1 so by the assumption (4.20) we 

k 

have L(i) > 1. 

Now let us assume that for some i G {1, . . . , [A 1 / 4 ]} we have R(i) > S(i). 
This gives R(i) > L(i)/2 > 1/2. On the other hand we have 

2.4£l 1 (A 2 - AO = f [ {f{x ^^ ))2 M^My)dxdy (4.22) 



D JD 



>EE / / {f{ ^~ f l! ))2 Mx)My)dxdy. (4.23) 

K=l m=p(l,k) k,m k,m 

By our standard arguments (4.23) is bounded below by 

fe=l m=p(i,k) ^k,m ^k,m 
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This is equal to (CiC 2 /2)i?(i) where R(i) is the expression in (4.18). Since 
R(i) > 1/2, (4.22 - 4.23) gives 

9 4-i n y , > C x C 2 R{x) C.C, C7 1 C7 2 log(L + l) 

which proves (4.16). 

So now we assume that for alH e {1, . . . , [iV 1 / 4 ]} we have R(i) < S(i). 
This gives S(i) > L(i)/2 > 1/2. 

Let us observe that 

2A£ 1 (\ 2 -\i) = / f if{X ^l f y ^ ))2 Mx)My)dxdy> 



D J D 



[N 1 / 4 ] i q(i,k)-l 



i=l k=l m=p(i,k) k,m k,m+l 



(m - f(y)) 2 

\x — y\ 3 
x<^i(x)v?i(y) dx dy. 



ZEE L L "%ZT ^ 



Note that 



sup \x - y\ 3 < ((2i + 2) 2 + 2 2 ) 3 / 2 < (20* 2 ) 3 / 2 = C 2 i 3 . 

,m + l 

So by our standard arguments (4.24) is bounded below by 

[JV 1/4 1 ~ ~ i 9(i,*)-l - - 

E^E E HX-j-" 1 / / 

i=l k=l m=p(i,k) k,m k,m+l 

x{f{x)-f{y)) 2 ipl{x)ip\{y)dxdy. (4.26) 

Note that \q(i, k) - p(i, k) + 1| < 27V/i + 1 < 37V/i. Hence (4.25 - 4.26) is 
bounded below by 

V 4] CiC 2 / ^ V S(i) 



E 



r 



3 \3N 4 ' 



i=l 

where S*(i) is the expression in (4.19). We assumed that S(i) > 1/2. There- 
fore 

0A -i n X w ^ [ ^ 4 'i > dg 2 iog([iv 1/4 ] + i) 

2A-l(A2 " A l) > 2 3 . 3 2 N 2 - ^ oTT^ • 

i=l 

Note that ([iV 1 / 4 ] + l) 5 > 2([JV 1 / 4 ] + l) 4 > 2iV > N + 1. Hence log([-/V 1//4 ] + 
1) > (log(iV + l))/5. Note also that L > N and a function log(x + l)/x 2 is 
decreasing for x > 1. Therefore 

2^ 2 ,-i( A 2 - Ai) > 23 . 32 . 5iy2 > 3^ • 
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This shows (4.16) and finishes Case 1. 

Now let us consider Case 2. In this case we will show the following lemma. 

Lemma 4.5. If N > 16 and there exist % e {1, . . . , [iV 1//4 ]} such that 



fc=l \ J A k / V A k 



then 



2^1 1 (A 2 -A 1 )>2C 1 C 2 (^-!H). 



Before we come to the proof of this lemma (which is quite technical) let 
us first show how this lemma implies (4.16). 

We know (Case 2) that (4.27) holds for some i e {1, . . . , [iV 1 / 4 ]}. Hence 
for N > 16 we have 

2^L l( A 2 -A0 > f§ g - 72 • 256) > |§ (i^ - 18 432) . (4.28) 

When (say) iV > 10 18 then N l / A > 3 • 10 4 and (4.28) implies (4.16). 

When N < 10 18 we have log(L + 1) < \og{N + 2) < 42. Then Remark 
1.3 implies 

2A 2t _ 1 (M ~ Ax) > 72(L - 1)2 > 72 . 4jL2 . 42 > 

which also gives (4.16). □ 

Proof of Lemma 4-5. Note that if i — 1 then the left hand side of (4.27) 
equals 0. So we may and do assume that % > 2. 

In this proof i G {2, . . . , [iV 1 / 4 ] } is fixed so we will drop % from the notation. 
We will write D kjm for D\ m , A k for A l k , p(k), q(k) for p(i, k), q(i, k). We will 
also introduce the following notation 



J D krn \J D km J J D k 



rn=p(k) J Ak m=p(k) 

The condition (4.27) written in our notation is 



/<?0) p i(k) 

m=n(k.\ m=n(h^\ 



k=l K 
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Now we have to estimate b k from below. Note that bi + . . . + bi = I. 
Roughly speaking, since (p 1 is " midconcave" , for N large enough b 1: . . . \ 
have similar values so bk > c/i for k — 1, . . . , i. The following lemma makes 
the above remark precise. 

Lemma 4.6. For N > 16 and any k — 1, . . . , i we have 

b k > 1/(32*). (4.30) 

Proof. Note that YliLi Id V 9 ? = 1/2 an d V 9 ? * s nonincreasing in / (/ = 
l,...,N)eof Di <pl>l/(2N). 

For any rr 2 G (—1, 1) the function X\ — > (/?i(xi, X2) is concave for xi G 
[-L/2, L/2] and attains its maximum for x\ = 0. Hence, for any X2 G (—1, 1) 
and xi G [— L/4, L/4] we have </?i(xi,x 2 ) > y?i(0, x 2 )/2. 

Recall that A = ((J - 1)L/N,IL/N) x (-1, 1). If Z G [-iV/4 + l,N/4] 
then (Z - l)L/N > -L/4 and /L/iV < L/4. It follows that for such I 

I (p 2 1 (x 1 ,x 2 )dx 1 dx 2 > - I (pl(0,x 2 ) dx x dx 2 > \ [ <p\> 

JD, 4 Jd, 4 JD X ° iV 



Recall that A k = Uj£? P (fc) ^M* = US p ( fe ) ^fc+mi- 

Let C k = {m e Z : -N/4 + 1 < k + mi < N/4}. For any m G we 
have /zw^? > V(8A0 so 



* = e y D ^ (4 - 3i) 



m=p(k) ^k+mi 

where #C fc is the number of elements of C k . We have 



#C k > 



2[N/4] 



> 2{{N/4) - 1) ^ N — 4 — 2i 
~ i ~~ 2i ' 



We have i < N 1/4 and iV > 16 so it is not difficult to show that N-4-2i> 
N/2. Hence #C fe > N/(4i). Finally this and (4.31) gives (4.30). □ 

By (4.29) and Lemma 4.6 we obtain Y2k=i a k — 1 / (64i). 

Note that Y^k=i a k — Jd fvl = 0- Therefore using Lemma 4.2 we get 

S%i-^4E fl '>^ ( 4 - 32 ) 

k=l k=l 
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We have 

t-i 



JdJd f ~ y\ 
i^JAjA k+1 \x-y\ 3 

By our definition of p(k) and it is easy to notice that p(k + 1) < p(/c) 
and + 1) < 
It follows that 

1 _ |3 ipiixjip^y) dx dy 

A k JA k+1 F y| 

> 2^ / u— J3 <Pi(x)<Pi(y)dxdy. 

m=p(k) jD k,m JD k+hm I y\ 

By our standard arguments this is bounded below by 

E a/2 a/2 / / (/W"/(y))V?(a:)^(y)^dy 

m=p(fc) °k,m°k+l,m J D k,m J D k+1>m 
q(k+l) 

m=p(k) 

The last inequality follows from the argument which has been already used 
in the last 3 lines in the proof of Lemma 4.3. By Schwarz inequality it is 
bounded below by 

/ q(k + l) \ 2 / q(k+l) \ _i 

C,C 2 E (a k , m - a k+1 , m )bl%bl^ m £ CC™ • ( 4 -33) 

\ m=p(k) J \m=p(k) J 

We have 

q(k+l) ( q(k+l) \ V2 / q(k+l) \ 1/2 

E Oft- £ E E w < i- 

m=p(k) \m=p(k) J \m=p(k) J 

So (4.33) is bounded below by 

' q(k+l) 

CiC 2 ( E (a fe>m - a fc+ i jm )6^6^ 2 l r 

v m=p(fc) 
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Now let us denote 

q(k+l) 

R k = ^ ( flfc ' m ~~ a k+l,™) b k,m b l+l,m- 
m=p(k) 

We have R k = S k + T k + U k + V k , where 

q(k) q(k+l) 

Sk — &k,mbk,m ~~ 0-k+l,m b k+\,m = &k ~~ Ofc+1? 

m=p(k) m=p(fc+l) 

g(fc+l) 

T — tl/2 /, 1/2 _ ,1/2 \ 

J fc — ak > m °k,m\.°k+l,m °k,m)i 

m=p(k) 

q(k+l) 

U k = _afc + 1 . m& fe+l,m( & fc! / m _ & fc+l,m)' 

m=p(/c) 

Vk = —5k,r{i)<^k,q{k)bk,q{k) + <5fc,i-r(i) a fc+l,p(fc+l)&fc+l,p(fc+l) , 

where b x , y = 1 when x = y and S XjV = when x ^ y. In other words 
\4 = when k ^ r(i) and k ^ i — r(i). In order to see why an extra term V k 
appears let us recall the definition of p{k) and q{k). We have q{k) = [N/i] for 
k — 1, . . . , r(i), = [N/i] — 1 for = r(i) + 1, . . . , i and p(k) = —[N/i] for 
A; = 1, . . . , i — r(i), p(k) = —[N/i] — 1 for k = i — r(i) + 1, . . . , i. A nontrivial 
term V k appears only if q(k) ^ q{k + 1) (k — r(i)) or p(k) ^ p{k + 1) 
(k — i — r(i)). 
We know that 

(a + b + c + d) 2 > (a 2 / 4 ) ~b 2 -c 2 - d 2 , a, b,c,de R, 

so 

R 2 k = (S k + T k + U k + V k ) 2 > (S 2 k / A) - T 2 - U 2 - V 2 . 
By (4.32) we obtain 

i— 1 i— 1 j 

E^ 2 = E( a *+i- a *) 2 ^ 



64i 3 ' 
fc=i fc=i 
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We have already obtained that 

2-1 

2^ 1 (A 2 -A 1 ) > 2C 1 C 2 J]^ 

k=i 

> 2 Cl cJ\Y:si-f:(T 2 k +uz + v-) 



4 

k=l k=l 



Now we have to estimate Y?k=i( T k + U k+ V k)- 
By Schwarz inequality we obtain 

g(fc+i) 

T fc 2 < E o^iCi^-Ci E iCm-O ( 4 - 35 ) 

m=p(k) m=p(k) 

We have 6 fe , m = ^ = pf. The sequence { (J D; ip\ J }{dVi is 

/ \l/2 

unimodal and its maximum is equal to ( J D ipf J 

Now there is a very important observation in the proof of this lemma. By 
the unimodality of this sequence we have 



/ , \ 1/2 

£ ilS, - O < 2 (/ v?) 

m=p(k) •' 1 ' 



We also have |&j£ 2 1>m - b]^\ < ( J Dl cpfj ' . 

On the other hand by Lemma 4.1 we know that ||y?il|oo < 9/L and the 
area \D X \ = 2L/N. Hence J ipj < 18/ N. 
By (4.35) we obtain 

36 9(k+1) 
Tl < — ^ a 2 km b k , m . 

m=p(k) 



Similarly we get 

n? < 

N 



36 q(k+1) 

U k - ^7 E a fc+l,m 6 *+l,m- 
m=p(k) 
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Now we estimate V fc 2 . Recall that bk >m < J D <Pi < 18/iV. We have 

Vfc < %($k,r{i)a\ q (k)b 2 k,q{k) + ^,i-r(i) a fc+l,p(fc+l)^+l,p(A:+l)) 

< (36/A0(4,r(i)afc,g( fc )frfc, g (>) + 4,i-r(j)afc + i iP (fe+i) & feH-i,p(fe+i)) 
It follows that El=i( T fc + ^ + ^4 2 ) is bounded above by 




i-i q{k) i-i g(fe+i) 

X] S a \rnKm + J^Yl Yl a k+l,m b k+l,m- 



Note also that al m b k:7n < J Dfc /Vr Hence 




This and (4.34) gives the assertion of the lemma. 



□ 



5 Spectral gap for convex double symmetric 
domains 

Proposition 5.1. Let D C [—L,L] x [—1, 1] fre open, convex and symmetric 
with respect to both axis. Assume (L,0) e D, (0,1/2) G and L = I 2 + 4 
for some natural number I > 3. T/ien 



/or a// / G L 2 (D) such that f D f(x) <p1(x) dx = 0, where Ch denotes the 
constant from Corollary 3. 7. 

Proof. We denote by D(a,b) the set D n ((a, 6) x R), or D n ((a, 6] x R), 
or Dfl ([a, fe) x R). The latter three sets differ only by a set of a measure 
zero, thus the ambiguity of the definition of D(a,b) will be irrelevant. We 
put w(D(a, b)) = b — a, which is the "width" of D(a, 6), and 

h(D(a,b)) = 2inf{t : (x,t) G D(a,b) for some x G (a, 6)}, 
H(D(a,b)) = 2sup{t : (x,t) G D(a,b) for some x G (a, 6)}, 

the "heights" of the set D(a,&). 



/ / 2 0r)v??(x) dx<2-l0 9 c H L 2 




(/(*) - /(*/)) 2 



2+« 
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Let n = ip\dx. We fix an arbitrary / G L 2 (D,{i) such that J r D f d\x = 

and put F(x,y) = ^I'p+F (pi(x)(pi(y). 

Step 1. We consider a partition of £> into a union of five disjoint sets 
D 1 = D(-L, -L + 4), D 2 = D(-L + 4, -L + 8), D 3 = D(-L + 8, L - 8), 
-D4 = D(L — 8,L — A) and = D(L — A, L). Note that by unimodality and 
symmetry of ipf and w(Dk), the sequence = y? 2 dfj, is also unimodal. 
Thus by Lemma 4.3 we have 

2 f f d pi<2j2- [ [ (f(x)-f(y)) 2 pi(dxMdy) 
Jd k=1 JD k JD k 

4 

+ 100^— j / / (f(x)-f(y)) 2 v(dxMdy) 

^ li k V J Dk J Dk+1 

5 

< 2(20) 1+ «/ 2 c 3 L 2 E / / F(x,y)dxdy 

+ 100(68) 1+a/2 2c 3 L 2 ( / /+ / [)F(x,y)dxdy 

\Jd 1 Jd 2 Jd4,Jd 5 J 
+ / / (f(x)-f(y)) 2 ^dx)n(dy). (5.1) 

^2 + ^3 + /^4 7 J (D2UD3UD4) 2 

In the above inequality we have used the fact that sup s y? 2 < C3L 2 J £ (/? 2 rfa; 
for = Dfc, where 7^ 3, or £ = Di U D2 or £ = .D4 U D5. It turns out 
that one may take C3 = 9c# (This follows from Corollary 3.7 an argument of 
a geometric nature is omitted). Moreover, diam(D fc ) < \/20 for k 7^ 3 and 
diam(L> fc U D k+1 ) < VQ8 for A; = 1,4. 

In this step we have "cut off" the ends of D, in a sense that it remains 
to estimate from above the term in (5.1) 

Step 2. We now define a sequence a k = I 2 — X^=i(2j — 1) for A; = 1,2, ... ,1, 
and a = I 2 . Note that ai = 0. We consider a partition of D(—l 2 ,l 2 ) = 
D 2 U -D3 U -D4 into a union of 21 pairwise disjoint sets D'_ k = D(—ak-i, — a*;) 
and -DjJ. = D(a,k, dfc-i) for /c = 1, 2, . . . , /. Let = fi(D' k ). By a similar token 
as before, the sequence (/i'_ 1? //_ 2 , • • • , A^, /-tj, A^-d • • • , A*'i) is unimodal. Thus 
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by Lemma 4.3 and the equality /i' k = /i'_ k we have 
1 



, m , , 2 mx I, (f( x )-f(y)) n{dx)n{dy) 



^ 2 EW / +/ / )(m-f(y)) 2 n(dx)n(dy) (5.2) 

fc=l JD' k J D ' k JD'_ k J D '_ k 

+ 16/ 2 £ ^ J 7-/( / / + / / )(/(*) - /(^)) 2 ( 5 - 3 ) 

Xfj l (dx)fj l (dy) 

+ 16/ 2 ^ / / (f(x)-f(y)) 2 ii(dx)ii(dy). (5.4) 
A 1 ; Jd'_ 1 Jd[ 

Step 3. We will now show how to deal with the integral (5.3), i.e., 
1 



/4+i v /4 Jd'Jd 



(f(x) - f(y)) n(dx)n{dy) 

fc+i" ^fc 

< , \ , ff (f(x)-f(y)) 2 ^dx)^dy). (5.5) 

/^fc+l + A^fc J J (D' k+1 UD' k ) 2 

We have u> = U D' k ) = a fe _i — a fc+1 = 4/c. Let /i = h(D' k+1 U D^.) and 

N = [2£±I] . We divide £>^ +1 U D£ into a union of sets 

= D{a k+l + (j - l)w/N, a k+1 + jw/N), j = 1, 2, . . . , N, 

of equal width Ak/N and apply Lemma 4.3 to such Ej. We obtain 

N 

h < / (/(*) - /(y)) V (dxUdy) 

j=l j) JEjJEj 

N-l 

+m2 J2 ll(F u /ll(F ] / / (m-mr^dxudy). 

jr[ MA?) v v{E j+1 ) j Ej j Ej+1 

Note that 

dist((^ +1 U Di), (L, 0)) = 4 + (k - l) 2 > 2k = w(D' k+1 U Z^)/2, 
thus by convexity of D we have 

H(D' k+1 U g^j dist((iy fc+1 U jy fc ), (L, 0)) + U g^j 

fc^UDi) - dist((D' k+1 UD' k ),(L,0)) " • 
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Hence h < H(Ej) < 3h. Moreover, 

qu u 
w(Ej U E i+1 ) = — < Sh- < Ah 

and 

w{ E j UE j+1 ) = ->h—>-h, 

This means that if S — a k+1 + (j — l)w/N, then B((S,0),h) C D and 
\B((S,0),h/A) r\Ej\ = \B((S,0),h/A)\/2 = nh 2 /32. Thus by Harnack in- 
equality (Corollary 3.7) we obtain 



2 32c H f 2 
sup y?i < — — / v^i ax, 

En Tth 2 J E 



the same bound as above holds also for Ej UEj + i in place of Ej. Note that we 
take h/A above as the radius of the ball because of the assumption concerning 
inner radius in Corollary 3.7. 
We have 

diam(E i ) < diam(E i U E j+1 ) < (w(Ej U E j+1 ) 2 + H(Ej U E j+1 ) 2 ) 1/2 < 5h. 
Hence 

! / ' (f(x)-f(y)) 2 VL(dx)iJL(dy) 



n(Ej) V n(E j+1 ) J Ej Je 3+1 

< {5h) 2 + a^H f f p {xy)dxdy 

*h 2 J E .J E . +1 



2 



and a similar bound holds for the integral over Ej x Ej. Moreover, N < 
(2k + lf/h 2 < 9k 2 /h 2 . Thus 



OO N 

,32c, 



h < A(5h) 2+a — f V / / F(x,y)dxdy 



j=l u a i u a 3+i 



< 2304 - 52+ " C ^ . k 2 h a-2 j j F ^ y) dx dy (5 6) 
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We have dist((D' k+1 UD' k ), (L, 0)) = 4+(fc— l) 2 > fc 2 /2, thus that by convexity 
of the set D and the assumptions (0, 1/2) e -D, (L, 0) e D we obtain 

/i/2 > 1/2 



A; 2 /2 - L 
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When a > 1 we get k 2 h a ~ 2 < 2Lhh a ' 2 < 2L. When a < 1 we get k 2 h a ~ 2 < 
k 2 {2L/k 2 ) 2 ~ a = 2 2 - a L(L/k 2 Y~ a < 2 2 ~ a L. For any a G (0,2) we have 
k 2 h a ~ 2 < max(2, 2 2 ~ a )L. We combine it with (5.6) and finally obtain 

2880000c H T ff „, . , , , „. 

h < L F(x, y) dx dy. (5.7) 

We should also estimate from above the integral (5.4) over D_i x D\. This 
may be done in a similar way as the integrals Ik above. We obtain a similar 
estimate as (5.7) with slightly smaller constant, we omit the details. 

To estimate (5.2) we may see that in (5.5) we have in fact estimated 
from above by an integral over (D' k+1 U D' k ) 2 . Thus a similar estimation as 
in (5.7) holds also for the integrals in (5.2). 

We finally obtain 



2 f fdfi < f 18- (20) 1+ °/ 2 + 1800 ■ (68) 1+Q / 2 + 10od + 32) • — 



2880000^ 



and the proposition follows. □ 

Proof of Theorem 1.4- By scaling of eigenvalues (1.6) it is sufficient to con- 
sider domains D such that [—L,L] x [—1, 1], L > 1 is the smallest rectangle 
(with sides parallel to the coordinate axes) containing D and to show that 
for such domains the following inequality holds: 

2A^_ a {\ 2 - AO > ^, 

where C is the same as in (1.9). 

At first assume that L > 13. For any natural number / > 3 we have 

(/ + l) 2 + 4 20 
Z 2 + 4 - 13' 

thus there exists (5 G [13/20, 1] such that (3L = Z 2 +4 for some natural number 
I > 3. By (1.6) we have 

2 < 4^(A 2 (£>) - Ai(£>)) = (3 a ■ 2A^{\ 2 {(3D) - XtfD)). 

Note that (3D satisfies assumptions of Proposition 5.1 (in particular (0, 1/2) G 
(3D). Hence by Theorem 1.1 and Proposition 5.1 we obtain 

2^,(A 2 (£>)-A 1 (£>)) = 2A^ a (3 a (X 2 ((3D) - X^D)) 

(3 a 1 
> — — — > 



10 9 c H ((3L) 2 ~ Wc H L 2 ' 
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What remains is to consider the case L < 13. 

Note that B((0,0),l/y/2) C D so by Corollary 3.7 ipj satisfies Harnack 
inequality on B = B((0,0), l/(4y/2)), in particular <pl(0,0) < c H (fl(x), x e 
B. Of course sup^g^ (fil(x) = </??(0, 0). We have 

c H = c H [ <p\>c H I ^>¥>?(0,0)|fl|, 
Jd J b 

which gives sup xeD ipl(x) < ch\B\^ = 32ch/tt. 

We also have diam(D) < 28. Let / = f^/fi- By Theorem 1.1 we have 

2A&(\2-\ 1 )= [ [ if \ X) ~{^} )2 Mx)My)dxdy 

JdJd \ x ~ y\ 

= 32^8^ 2 Sd ^ = T6^2^- 

□ 

Acknowledgments. The second name author thanks very much Ro- 
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